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Abstract
We present a new class of exact fireball solutions of the relativistic Navier-Stokes hydrodynamics,
for arbitrary shear and bulk viscosities, as well as heat conduction with a Hubble flow profile. Our
results generalize the recently found first solution in this class, for an arbitrary temperature depen-
dent speed of sound, shear and bulk viscosity, heat conduction and fluctuating initial temperature
profiles. These solutions are causal and not only stable but also asymptotically perfect.
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Introduction: The Navier-Stokes equations govern the flow of fluids such as water and
air. Relativistic fluids, such as the nearly perfect liquid created in the relativistic collisions
of heavy nuclei like gold and lead at the Relativistic Heavy Ion Collider at BNL, USA and
at the Large Hadron Collider at CERN, respectively, are best described with the help of
various solutions of generalized relativistic dissipative hydrodynamical equations.
However, there is no proof even for the most basic questions one can ask: do exact
solutions of the Navier-Stokes equations exist, and if yes, are they unique? The proof for
the existence and uniqueness of these solutions for arbitrary initial conditions is one of the
Millennium Problems of the Clay Mathematical Institute (CMI) [1]. Such a proof could
provide not only certitude, but also understanding: although the Navier-Stokes equations
were written down in the 19th Century, our understanding of them remains minimal so
far. The situation is even worse in the domain of viscous hydrodynamics of relativistic
flows, where, in contrast to the non-relativistic domain, there is not even a consensus on
the exact form of the equations that one should solve to understand relativistic dissipative
hydrodynamics [2].
In this manuscript we provide an exact solution of the so called relativistic Navier-Stokes
equations, one of the possible theoretical formulations of dissipative relativistic hydrody-
namics, that has a clear non-relativistic limit: the Navier-Stokes equations. We describe an
exact solution, where there is a great amount of freedom in the choice of the average value,
or, of the temperature dependence of the shear and bulk viscosity as well as the heat con-
ductivity coefficients, and the initial density or temperature profile may also have arbitrary
fluctuations. However, in each case, we provide the solution for a special flow velocity profile,
the Hubble flow. This Hubble flow profile has a renowned cosmological and astrophysical
relevance, as it corresponds to the velocity profile of the galaxies in our Universe after the
Big Bang [3–5]. Although it is not very well known, a Hubble flow also describes reasonably
well the final velocity profile of the Little Bangs of relativistic heavy ion collisions [6–12].
The flow field in all of these solutions goes back to the Hubble flow v = H(t)r. These
solutions were naturally extended to describe ellipsoidal, directional Hubble flows with a
constant, average value of the speed of sound in ref. [13]. This solution was generalized
for an arbitrary temperature dependent speed of sound in the case of non-vanishing, con-
served baryon charges (µB 6= 0), see ref. [14]. However, the lattice QCD equation of state
is known precisely only at valishing net baryon density at present [15]. Hubble flows with
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temperature dependent speed of sound, consistent with the lattice QCD Equation of State
at a vanishing net baryochemical potential were found in the relativistic kinematic domain
in ref. [16]. From this paper on, the temperature dependence of the speed of sound was
handled similarly in both the baryon-free region and in the case of non-vanishing conserved
(baryon)charge, see for example in the new rotating and directionally Hubble - expanding
solutions of ref. [17].
An exact solution of the relativistic Navier-Stokes equations was reported in ref. [18] for
an arbitrary shear viscosity and heat conductivity, using 5 different classes for the bulk vis-
cosity, for a temperature independent (constant) speed of sound and initially homogeneous
temperature profile. Here we present the generalization of the solutions of ref. [18], to an
arbitrary temperature dependent speed of sound, shear and bulk viscosity, heat conduction
as well as a fluctuating initial temperature and correspondingly fluctuating density profiles.
Given that our solutions too are valid for the Hubble flow profile, they are apparently not
only causal, but also stable for small density and corresponding temperature perturbations.
Furthermore, these solutions are also asymptotically perfect in the sense that their time evo-
lution approaches the Cso¨rgo˝ - Csernai - Hama - Kodama (CCHK) perfect fluid solution [9],
but starting from a lower initial temperature. During the time evolution, the temperature
each viscous case is gradually heated up to reach the time-evolution of the asymptotically
equivalent CCHK perfect fluid solution, as we show below.
Relativistic hydrodynamics: The dynamical equations of motion of relativistic fluids cor-
respond to the local conservation of four momentum and the continuity equation of the
conserved density n:
∂µ (nu
µ) = 0, (1)
∂µT
µν = 0, (2)
where T µν is the energy-momentum tensor:
T µν = (ε+ p)uµuν − pgµν + qµuν + qνuµ + piµν . (3)
The metric tensor of Minkowski space is denoted by gµν = diag (1,−1,−1,−1), the four-
velocity by uµ, the pressure by p ≡ p(x), the energy density by ε ≡ ε(x) and the temperature
field by T ≡ T (x). These fields are functions of the x ≡ xµ four-coordinate. The first two
terms of eq. (3) describe perfect fluids, while the additional terms stand for the dissipative,
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viscous effects. The heat current qµ and the heat conductivity λ are related:
qµ = λ (gµν − uµuν) (∂νT − Tuρ∂ρuν) , (4)
The relativistic Navier-Stokes form of piµν reads as:
piµν =η [(gµρ − uµuρ) ∂ρuν + (gνρ − uνuρ) ∂ρuµ] +(
ζ − 2
d
η
)
(gµν − uµuν) ∂ρuρ.
(5)
The shear and bulk viscosities are denoted by η and ζ while the number of spatial dimen-
sions by d(= 3). For us, a particularly interesting advantage of this form of dissipative
relativistic hydrodynamics is that it clearly reproduces the Navier-Stokes equations in the
non-relativistic limit. At this point let us note, that the relativistic Navier-Stokes equations
may lead to certain solutions, that violate causality [2]. However, causality is violated by
some well-known solutions of Einstein’s equations of general relativity as well, see for ex-
ample Go¨del’s famous solution [19], which nevertheless did not call into question Einstein’s
general theory of relativity, but rather helped to understand its properties better. By this
analogy, we argue that it is important to investigate not only the properties of the rela-
tivistic Navier-Stokes equation but it is even more important to scrutinize the properties
of a given solution. The above set of partial differential equations of relativistic hydro-
dynamics is closed by the equation(s) of state (EoS). In this work we assume, following
ref. [14, 16, 20–22], that the EoS is
ε = κ(T )p. (6)
For a baryon-free evolution, µ = 0, and in this case the coefficient κ(T ) is related to the
temperature dependence of speed of sound as κ(T ) = c−2s (T ). The simplest choice is the
temperature independent, average speed of sound. For example, dust corresponds to c2s = 0,
the ultra-relativistic or non-relativistic ideal gas corresponds to the κ = 3 and κ = 3/2 cases,
respectively. The same EoS is applied by some renowned solution of relativistic hydrody-
namics like refs. [23, 24] or the cosmological solutions of the famous Friedmann equations
for radiation and matter dominated Universes [3]. Several well-known exact solutions of
perfect fluid hydrodynamics utilize an average, temperature independent value of the speed
of sound, see for example refs. [8, 9, 25, 26], while several other exact solutions utilize a
temperature dependent speed of sound, corresponding to a κ(T ) function, see for example
refs. [14, 16, 20–22].
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New viscous, Hubble-type solutions: We search such solutions where the velocity field is
a relativistic Hubble flow:
uµ =
xµ
τ
= γ
(
1,
rx
t
,
ry
t
,
rz
t
)
. (7)
where γ = t/τ , t = x0 and τ =
√
t2 − r2x − r2y − r2z is the proper time. Let us search for
self-similar exact solutions. The scaling variable s satisfies the uµ∂µs = 0 condition. For the
Hubble flow, the scaling variable s can be any function of the directional scaling variables
sx =
rx
t
, sy =
ry
t
, sz =
rz
t
, (8)
which satisfy the scale equation separately:
uµ∂µsi = ∂τsi = 0, for i = (x, y, z), (9)
For a Hubble-flow profile, the great simplification is that in this case, the relativistic Navier-
Stokes equations are reduced to the pτ − ζd = φ(τ) condition [18], where φ is an arbitrary
function of the proper time. The energy conservation can be expressed in terms of pressure
as:
∂τp+
(
1 +
1
κ
)
d
τ
p =
d2
τ 2
ζ
κ
, (10)
and the continuity equation of particle density is
∂τn+
d
τ
n = 0. (11)
We can immediately notice, that the effects of shear viscosity and thermal conduction cancel,
i.e. eqs. (10) and (11) do not depend on λ and η. One can derive the entropy equation by
using the p = ε/κ and the dε = Tdσ equalities in eq. (10):
∂τσ +
d
τ
σ =
d2
τ 2
ζ
T
≥ 0. (12)
In this work the ratio of the bulk viscosity to pressure is assumed to be constant (ζ ∝ p):
ζ = ζ0
p
p0
, (13)
where ζ0 and p0 are the initial values of the bulk viscosity and the pressure. We have
thus reduced the complex set of partial differential equations of relativisitic hydrodynamics
to a system of first order, ordinary differential equations, that can be readily solved with
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generally accessible software packages like Maple or Mathematica. In our solutions, the shear
viscosity and heat conductivity effects cancel exactly, similarly to the solutions of ref. [18].
The solution of eq. (10) for the pressure is
p(τ) = p0
(
pA
p0
)1− τ0
τ (τ0
τ
)d(1+ 1κ)
(14)
pA
p0
= fA,0 = exp
[
d2ζ0
κ0p0τ0
]
, (15)
where τ0 stands for the initial proper time, κ0 is a constant and we introduced fA,0 ≥ 1 as
the ratio pA to the initial pressure p0. The initial pressure of an asymptotic perfect fluid
CCHK solution is denoted by pA. For late times, τ  τ0, this solution of the relativistic
Navier-Stokes equation approaches the perfect CCKH solution of ref. [9] with an initial
pressure pA.
Multipole solutions with a conserved charge: If the bariochemical potential is finite (µ 6= 0)
and the pressure is
p = nT, (16)
then eq. (11) can be solved [6, 8, 16] as
n = n0
(τ0
τ
)d
V (sx, sy, sz) , (17)
where V (sx, sy, sz) is an arbitrary function of an arbitrary combination of sx, sy and sz.
The equation for the pressure (10) can be rewritten as an equation for the temperature, and
solved as
T = T0
(
TA
T0
)1− τ0
τ (τ0
τ
) d
κ0 T (sx, sy, sz) , (18)
where the initial temperature denoted by T0 and the asymptotic perfect fluid initial temper-
ature by TA,
TA
T0
=
pA
p0
= f0,A = exp
(
ζ0d
2
κ0p0τ0
)
. (19)
In eq. (18), T is an arbitrary function of the scale variables, related to V with a matching
condition as
T (sx, sy, sz) = 1V (sx, sy, sz) . (20)
Multipole solutions without conserved charge: When µ = 0, there is no conserved charge,
and the pressure is obtained from thermodynamics as ε+ p = Tσ :
p =
Tσ
1 + κ
. (21)
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Let we solve eq. (12) for the entropy density, together with the energy equation. For an
average κ = κ0
σ = σ0
(
σA
σ0
)1− τ0
τ (τ0
τ
)d
V (sx, sy, sz) . (22)
where σA is the initial entropy density of the asymptotic perfect fluid solution in the τ →∞:
σA
σ0
= f
κ0
1+κ0
0,A = exp
(
ζ0d
2
p0τ0
1
1 + κ0
)
. (23)
and V (sx, sy, sz) satisfies the matching condition of eq. (20). The temperature field has the
same form as in eq. (18), but with the following expression of TA:
TA
T0
=
(
σA
σ0
)κ0
= exp
(
ζ0d
2
κ0p0τ0
1
1 + κ0
)
. (24)
Temperature dependent speed of sound: At µ = 0, the entropy and the temperature
equations read as:
∂τσ +
d
τ
σ =
d2
τ 2
ζ0
p0
1
1 + κ
, (25)
1 + κ
T
[
d
dT
(
κT
1 + κ
)]
∂τT +
d
τ
=
d2
τ 2
ζ0
p0
1
1 + κ
. (26)
In this case, lattice QCD simulations [15] provide the temperature dependence of κ(T ) =
(T )
p(T )
. Although definitive lattice QCD results are not yet available at µ 6= 0, the temperature
equation can be rewritten in terms of κ(T ) in this case too, as follows:
1
T
[
d
dT
(κT )
]
∂τT +
d
τ
=
d2
τ 2
ζ0
p0
. (27)
We thus have reduced the complicated partial differential equations of hydrodynamics
to first order, ordinary differential equations for any κ(T ) function. In this work, we do
not detail further the exact but complicated solutions of eqs. (27)-(26), as these ordinary
differential equations can be solved readily with the available numerical packages. A possible
choice for κ(T ) is a parametrization of the lattice QCD equation of state [15], based on
hydrodynamical considerations [20].
Asymptotically perfect solutions: Let us examine the asymptotic behaviour of our new
solutions, and with that how the effect of bulk viscosity appears at low temperatures. In the
τ  τ0 limit, in both cases of µ 6= 0 and µ = 0 with κ(T ) = κ0 lead to the same asymptotic
perfect fluid temperature profile:
T ∼ TA
(τ0
τ
) d
κ0 T (sx, sy, sz) . (28)
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FIG. 1. The evolution of the temperature as a function of the proper time. The red line shows the
solution of eq. (18), corresponding to µ = 0. The blue dashed line corresponds to the same initial
condition as that of the red lines, but for the time evolution of a perfect fluid. The black dashed
line stands for the asymptotic, perfect fluid solution, that approaches our exact viscous solutions
in the τ →∞ limit.
If µ = 0, the entropy density asymptotically equals to a perfect fluid form:
σ ∼ σA
(τ0
τ
)d
V (sx, sy, sz) . (29)
At µ 6= 0, we keep eq. (17) for the particle density. One can see that in the τ  τ0 limit, the
effect of bulk viscosity can be absorbed to an asymptotic normalization constant, and we
re-obtain the perfect fluid solutions of ref. [8]. Accordingly, we cannot decide from final state
measurments that the medium evolved as a perfect fluid with higher initial temperature (TA)
or as a viscous fluid with lower initial temperature (T0). This effect is illustrated in Fig. 1.
As far as we know, the first exact solutions of the relativistic Navier-Stokes hydrodynamics
for non-vanishing bulk viscosities were reported in ref. [18]. Those results support our
conclusions. Three of the five cases investigated there (cases C, D and E of ref. [18]), are
also asymptotically perfect, just like the solutions presented in this work. One of the five
cases (Case B of ref. [18]) is apparently not physical, while the remaining case (Case A of
ref. [18]) is exceptional as it does not have an asymptotically perfect form.
Summary: We have found a new family of analytic, exact solutions of relativistic Navier-
Stokes hydrodynamics in 1+3 dimensions. These solutions are causal and asymptotically
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perfect. These solutions feature a Hubble-type velocity profile, both for a finite and for a
vanishing baryochemical potential as well. The effects of heat conduction λ(T ) and shear
viscosity η(T ) cancel from these solutions, exactly. Thus our new solutions can describe
the medium for any value of λ(T ), η(T ) and bulk viscosity ζ(T ), a very interesting feature,
useful to test numerical algorithms and solutions.
The asymptotic effects of bulk viscosity were also examined here. We have found that in
the τ  τ0 limit the entropy production becomes vanishingly small, and the time evolution
approaches that of a perfect fluid. We find that this feature is characteristic of several of
the solutions of ref. [18], too. This finding implies that, unfortunately, no mathematically
precise information can be gained about viscosity effects by studying only the hadronic final
state of the nearly perfect fluids in relativistic heavy ion collisions, if the velocity field has
a special, asymptotically Hubble form.
We find that the shear viscosity and heat conductivity cancels from these solutions exactly,
while the bulk viscosity cancels asymptotically. This is why, for sufficiently late times, our
new solutions asymptotically approach the exact solutions of perfect fluid hydrodynamics.
In that sense, our solutions provide a mathematically exact counter-example for several
wide-spread beliefs supported by numerical analysis of experimental data but lacking the
support of mathematically exact results, in the field of numerical solutions of relativistic
viscous hydrodynamics. The entropy production during the time evolution of the viscous
fluid in our case can thus be absorbed to a higher initial temperature for the time evolution
of an asymptotically equivalent perfect fluid. Asymptotically, exactly the same hadronic
final state can be reached from both the viscous and the perfect evolution scenarios, even
for multipole solutions with fluctuating initial temperature and entropy density profiles.
The detailed application of our exact theoretical results to the analysis of experimental
data goes well beyond the scope of our current manuscript. Further applications of these
Hubble-type non-perfect fluid solutions may be expected in the field of relativistic magneto-
hydrodynamics, based on the recent great progress of solutions in 1+1 dimensional magneto-
hydrodynamical problems [27–30]. The non-relativistic kinematic limit of our new solution
is also of certain interest as apparently new class of exact solutions of the non-relativistic
Navier-Stokes problem can be obtained by taking the non-relativistic limit of our results. In
this work, we thus have improved the level of our theoretical understanding of some rather
difficult parts of the Navier-Stokes Millennium problem of the Clay Mathematical Institute.
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